Abstract. In this paper, we derive a new renormalized volume formula for conformally compact asymptotically hyperbolic manifolds in dimesion four. The formula generlizes the ones given in Anderson [4], Albin [1], and ChangQing-Yang [8] for the case of Poincare-Einstein manifolds. We also derive variational formulas for the renormalized volume seen as a functional on the manifold.
Introduction
Let M be a compact connected oriented manifold with non-empty boundary ∂M. Following Penrose, a complete Riemannian metric g on M is conformally compact if there is a function ρ on M such that ρ| ∂M = 0, dρ = 0 on ∂M and ρ > 0 on M, and such that g = ρ 2 g extends at least continuously to a Riemannian metric g on M . Such a function ρ is called a boundary defining funciton (bdf) for ∂M. We will assume that g is at least C 3 smooth up to M . Conversely if g is any smooth Riemannian metric on M and if ρ is any C 1 boundary defining function, then g = ρ −2 g gives a complete conformally compact metric on M.
Note that the defining function is not unique, since any multiple of positive smooth function on M gives another defining function. Hence, both the metric g and its induced metric γ on ∂M are not uniquely defined by (M, g). However, the conformal class [γ] of the boundary metric on ∂M is uniquely determined by the complete metric g. Because of this, we call (∂M, [γ] ) the conformal infinity of (M, g).
For the conformal transformation g = ρ 2 g, we have the following formulas for curvatures, see Besse [6] . From Riemannian curvature transformation formula, we define the complete metric g to be asymptotically hyperbolic (AH) if the norm of the gradient of ρ with respect to the metric g is one, i.e. ||∇ρ|| g = 1 on ∂M. Note that ||∇ρ|| g is an invariant of the conformal infinity (∂M, [γ] ). We have the following lemma from [14] . See lemma 2.1 in [14] .
Lemma 1 (Graham) . If (M, g) is AH, then any metric on ∂M in the conformal class [γ] determines a unique boundary defining function ρ in a neighborhood of ∂M such that g| ∂M is the prescribed boundary metric and such that ||∇ρ|| g = 1 in the neighborhood.
We will call such a boundary defining function, a special bdf. From now on, we will assume that (M, g) is AH, and a special bdf ρ is chosen. By the above lemma, in a neighborhood defined by ρ, the manifold M is diffeomorphic to ∂M × [0, ǫ). If we suppose that the compactification is at least C 3 , then in ∂M × [0, ǫ), the compactified metric g has the form
The metric g ρ can be seen as a family of metrics on ∂M and it has the expansion
Here g (0) = γ is the boundary metric and
is the j-th Lie derivative. We have the following Lemma 2. The compactification is totally geodesic, namely (∂M, γ) is a totally geodesic submanifold in (M, g) if and only if g (1) = 0.
We will assume from now on that (M, g) is a conformally compact AH manifold of dimension four with a totally geodesic compactification and a special bdf is chosen. In the case of Poincare-Einstein metric, it is proved in [14] , that (∂M, γ) is totally geodesic. This implies that the assumption above is natural.
In general it is too restrictive to suppose that the metric g is C ∞ smooth up to the boundary. In the case of conformally compact Einstein metrics (Poincare-Einstein metrics), it is well known that there are log terms in the expansion of g near ∂M, see [14] , [1] .
Under the above assumption, the metric has the expansion
in the neighborhood ∂M × [0, ǫ). The volume form of the metric g in ∂M × [0, ǫ) takes the form
Here (
for some functions v (j) on ∂M. Note that a simple computation implies that there is no first order term of ρ in the aobve expansion of (
1/2 . Later in section two, we will show that the same is true for any full contraction of the curvature and its covariant derivatives. Now consider the asymptotics of the volume V ol g ({ρ > ǫ}) as ǫ → 0 by integrating dvol g above. We have
The coefficients C 0 , C 2 are integrals over ∂M of local curvature expression of the metric γ. V is the so-called renormalized volume, it depends a priori on the choice of the special bdf.
In the case of Poincare-Einstein metrics, it is now clear, see Graham [14] Theorem3 .1 or Albin [1] Theorem 2.5, that the renormalized volume is in fact independent of the choice of the special bdf. In the present situation, we have Lemma 3. In dimension four, V is independent of the choice of γ.
Renormalized volume and its formula first appeared in the string theory community. They are interested in the conformally compact Einstein metrics because of the role they play in the so-called AdS/CFT correspoidence. In dimension 4, the renormalized volume has the property that it is a conformal invariant. The first mathematical proof was given by Graham in [14] . In [4] , using the Chern-Gauss-Bonnet theorem with boundary, Anderson first provided a differential geometric understanding of the renormalized volume. His result secializes to dimension 4 and in some places the computation still depends on the formal expansion. In Anderson's formula the renormalized volume coupled with the integral of the Weyl tensor which is a conformal invariant. Hence he also proved that the renormalized volume is a conformal invariant. Since then, attempts have been made to generalized to higher dimensions and to give a rigorous proof. See [1] and [8] .
In this paper, we show that the reormalized volume formula holds in a more general situation. Namely, we show that in the case (M, g) is a conformally compact AH manifold of dimension four with a totally geodesic compactification, there is a well defined renormalized volume. We also compute the variation of the renormalized vlolume.
The content of the paper is the following. In section 2, after recalling some basic facts about double forms, we compute the renormalized volume of conformally compact AH manifolds. The proof is in spirit similar to that of Albin's. The differnece is since we do not assume that the metric is Einstein, there are odd terms in the expansions of Christoffel symbils, curvatures and their full contractions. This complicates the computation. In section 3, we compute directly the first variation of the renormalized volume.
Note that in the case of minimal surfaces in three dimensional PoincareEinstein manifolds, Alexikas-Mazzeo [2] considered a situation similar to our case.
Renormalized volume formula
We begin by recalling some basic facts about double forms, for more details see Labbi [19] and [20] , or Gray [17] .
to be the double form of type (p, q). The Kulkarni-Nomizu product is given for a 1 ⊗ a 2 ∈ D p,q and
There is a contraction map c :
where {e 1 , · · · , e n } is an orthonormal basis. The contraction map has the following property. Let ω ∈ D p,q , then
The natural metric < ·, · > on ∧ p (M) extends to D p,q and satisfies
If we regard the curvature R ∈ D 2,2 then cR = r, the Ricci tensor, and c 2 R = cr = s, the scalar curvature. The Hodge star operator * extends in a natural way to a linear map * : D p,q −→ D n−p,n−q , and it satisfies gω = * c * ω.
There are generalized covariant derivatives D :
is a generalization to C p of the usual Hessian operator on functions. Define δ = cD +Dc andδ = cD + Dc thenδδ + δδ : C p+1 −→ C p is the formal adjoint of the operator DD +DD with respect to the integral saclar product, and we haveδ δ + δδ = * (DD +DD) * .
Finally for h ∈ C 1 , define the self-adjoint operator
Then
Now we begin our computation of the renormalized volume. At a point p ∈ ∂M, choose coordinate vector fields {∂ x i , ∂ ρ } = {X s } for g by exponentiating first on the boundary, then into the manifold. This means {∂ x i } forms a normal coordinate chart for (∂M, γ) cenctered at p and are extended into the interior of M along geodesics normal to ∂M. In this way, with ρ as the fourth coordinate, we have
1 ≤ k ≤ 3. Denote the Christoffel symbols and components of the curvature tensor of g in this coordinate chart by Γ k ij and R l ijk , respectively. We will study the structure of g using the frame X s := ρX s , s = 1, · · · , 4. We use the letters i, j, k to denote indices from 1 to 3 and s, t, u, v to denote indices from 1 to 4. Note that [X s , X s ] = 0 for all i, j, but
The Levi-Civita connection of g is related to that of g by , see Besse [6] (add equation) From this we have the following relation between Christoffel symbols Lemma 4. With X s = ρX s , then
From the relation g k4 = δ k4 , we have furthermore
The proof is a simple computation from the formula of Christoffel symbols. See Albin [1] .
Remark 5. From the lemma, we see immediately that there is no first order term in ρ in the expansion of Γ For curvature, we have the following Lemma 6. Let (M, g) be an AH manifold, and ρ a special bdf. Assume that the metric g has an expansion of the form
and let P be a full contraction of the curvature and its covariant derivatives. Then it has a similar expansion
Proof. We only have to consider the curvature tensor R stuv , and its first covariant derivatives. The others are similar. Recall the formula
We divide the consideration into three cases.
1. If 1 ≤ s, t, u, v ≤ 3, replace s, t, u, v by i, j, k, l, then
By the above lemma, there is no first order term in ρ appeared.
2. If one of the s, t, u, v is 4, then we can arrange the indices to reduce to computing
, which has no first order term in ρ by the above lemma about Γ 4 ij .
3. If two of s, t, u, v are 4, we compute
, which has no first order term in ρ.
Hence all curvature tensors R stuv has no first order term in ρ in the expansion. This implies all full contractions has no ρ 1 term. This completes the proof.
For later use, we will need some explicit formulas for the coefficients in the expansion of Γ s tu and R stuv in orders of ρ. It is a simple computation from lemma 4. We list the following that will be used in the proof of the main theorem of this section. We have
jl + γ jl g
ik − γ il g
jk − γ jk g
il )
We also need the relation between g
and
Hence in particular,
Recall the Chern-Gauss-Bonnet formula from Chern [9] . We have for ǫ > 0, M ǫ := {ρ ≥ ǫ},
where χ(M ǫ ) is the interior Euler characteristic, P f f is the Pfaffian and II is the second fundamental form of {ρ = ǫ}, which is given from Chern [9] in dimension four by
where
Here ω σ i 4 is the connection form and Ω σ i σ j is the curvature form. Now for ǫ sufficiently small, χ(M ǫ ) = χ(M). The right hand side of (23) is independent of ǫ, neither does the left hand side, and thus
where H stands for Hadamard regularization. In terms of the double forms, the Pfaffian of a four dimensional manifold is
A general formula holds for even dimensional manifolds, see Gray [17] . To simplify the expression of P f f in dimension four, we have the orthogonal decomposition of curvature tensor, see Besse [6] 
g is the trace free part of the Ricci tensor, and W is the Weyl tensor. So
Since |W | 2 is a pointwise conformal invariant, we have in dimension four,
Now we state and prove the main theorem of this section.
Theorem 7. Let (M,g) be a four dimensional conformall compact AH manifold with special bdf ρ so that in the compactified matric g = ρ 2 g, ∂M is totally geodesic. Then we have
or equivalently,
Proof. It suffices to show that the second term in (27) is zero. This is accompllished by a careful computation about the coefficient of the 0th order term in the expansion of Φ 0 and Φ 1 .
For Φ 0 , we have at ρ
The coefficient in the constant term of the expansion of Φ 0 is
where in the last three equalities, we have used the expansion of Γ 4 ij and a formula about consecutive application of the contraction map c on double forms. See Labbi [19] . For Φ 1 , we have at ρ
The coefficient in the constant term of the expansion of Φ 1 is
Utilizing (16)- (19) , the above equals to
So the coefficient in the constant term of the expansion of II is zero. Hence F P ǫ=0 ρ=ǫ II = 0. This completes the proof.
Remark 8. Expanding the integrand (s 2 − 3|r| 2 )dvol g of the renormalized integral, since g is AH, the zeroth order term is a constant. This shows that the above theorem gives a formula for the renormalized volume for the AH metric g. Furthermore, if (M,g) is assumed to be Poincare-Einstein with normalized Ricci tensor r = −3g, then s 2 − 3|r| 2 = 36, the above formula coincides with that of Albin's and differs by a constant to that of Anderson's.
Varying the asymptotically hyperbolic metric
In this section we consider the first variation of the renormalized integral appeared in Theorem 7 under the assumption that the boundary metric γ is fixed. Instead of doing the computation directly, we will first make some modification. Recalling the trace free part of the Ricci tensor z = r −
By definition,
Taking an orthonormal frame {x i } and noting that differentiation commutes with taking trace, we have
Here we have used the identity
Now symmetrize the above expression and recall the definition of F h R to get
This completes the proof.
We also need the following
where the second term on the right hand side comes from the derivative of the volume form dvol g . For N ′ h, we have
where the second term on the right hand side is the derivative of the metric and the third term is the derivative of the volume form. So
then
Since h satisfies h| ∂M = 0 and ∂h ∂ρ | ∂M = 0, an easy argument involving cut-off functions shows that < z · g, (DD +DD)h >=< (δδ +δδ)(z · g), h > . Now using (7) and a general formula of Labbi about Hodge star operator, we have (δδ +δδ)(z · g) = −T 2 (ω), where ω = (DD +DD)z. To find the Euler-Lagrange equation of the functional Z, we have to solve
Since h is a variational field, we may divide the argument into two parts. If h is supported inside M ǫ for some ǫ > 0, the above integral has no sigularity and the Euler-Lagrange equation for the above functional is T 2 (ω) = 2f . Now let h be supported in M \ M ǫ . We may suppose that ǫ is small enough so that M \ M ǫ has the product structure [0,
has the expansion
and h has the expansion
Note that h has no constant term because the family g(s) has fixed boundary and h has no first order term because of the form of g(s). We will solve, in terms of the ρ-independent frame X u = ρX u , the equation (47). First we write it as
Let φ(ρ) = ∂M < f − Now a computation of Paycha [23] then shows that the finite part on the right hand side is
where f r (ǫ) is a function in ǫ with leading term ǫ r+1 log ρ. Since ǫ is an arbitrary parameter, we must have φ (k) (0) = 0 for k ≥ 3.
To procede further, set E = f − The integrand of φ (4) (0) is < E (2) , h (2) > γ .
So φ (4) (0) = 0 implies that E (2) = 0. Solving the equation successively, we have E (k) = 0 for k ≥ 0. Namely, we have
